COMPLEX INTEGRATION 



ALAN CAMINA AND TOM WARD 



The suggested book for the course is "Introduction to Complex Analysis" by H.A. 
Priestley (Oxford). It is not essential to have this book. 

1. The Integral 

In the first part of the course you saw paths in C. In this section we describe how to integrate 
complex- valued functions along paths. The assumption is that we can integrate real- valued func- 
tions, that is functions of the form / : [a, b] — » M. A simple extension enable us to integrate functions 
/ : [a, b] — > C as follows:- 

Definition 1.1. Let / : [a, b] — >■ C be given. Then 

f f{t)dt= (\{f(t))dt + i (\(f{t))dt. 

J a J a J a 

It is easy to give a simple example. 
Exercise 1.2. Let / : [0, 1] -> C be given by f(t) = e ivnt , n^O. Then 

f e ivTnt dt = [ cos(nnt)dt + i f sm(imtdt 
Jo Jo Jo 

= 

when n is even. For odd values of n the integral is non-zero (see Exercise sheet). 

So in this case we reduce the problem to that of integrating real functions. Now consider a 
function / : C — V C. We need an extra ingredient and that is a path 7. 

Definition 1.3. Let 7 : [a, b] — >• C be a smooth cu'rve and let / : C — > C be a continuous function 
7* -> C. Then 



/ f(z)dz= f f(( 7 (t)) 7 '(t)dt. 

J"f J a 



As with all definitions perhaps one should start by trying to do an example or two. But before 
that let me introduce three useful pieces of notation. 

• In many situations the path 7 and the function / are more important than the details of 
how one integrates in elementary terms. We will therefore often write f for J f(z)dz. 

• If a, b e C then we denote by [a, b] = {z : z = a + (b — a)t, t e [0,1]}. This is just a 
complicated but precise way of saying the straight line joining a to b. 

• Let r > e M and a e C then 7(0; r) — {z : z = a + re rt , t G [0, 2tt]}. This is just the circle 
of radius r about the point a. 

Exercise 1.4. Let us calculate 

zdz. 



[0,1+i] 
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In this case 



7(t) = + (l + i)t 

y(t) = l+t 



and so / zdz = (1 — i)t(l + i) dt 

J[0,l+i] Jo 



Exercise 1.5. 



In this case 



/ z n dz 
Jj(oa) 



1. 



if n i- -1 
27ri if n = — 1 



7 (t) = e" 

= ie rt and so 

/■27T 

= / e mt ie lt dt 
Jo 



7(0;1) 



2tt 

= if n 7^-1 
= 27ri if n = —1. 

One of the interesting facts about this is that integrating around a closed curve does not always 
give zero. You should ask what is different about n = — 1. 

We now consider what happens if we have a curve which is not smooth. 

Definition 1.6. Let 7 l5 7 2 . . . , 7„ be smooth curves so that the end point of 7 • is the initial point 
of 7 - +1 for j = 1, . . . , n — 1. Let 7 be the union of these curves so that 

n 

7* = lbs- 
1 

Let / be a continuous function defined on 7*. Then 

f =£/ /(*)<fe. 

We call such a 7 a path. 

Definition 1.7. A simple path 7 : [a, 6] — >• C is such that 7(ti) = 7^2) implies that ti — a and 
*2 = The path is called a simple closed path when 7(a) = 7(6). 

Definition 1.8. A contour is defined to be a closed path which is made up of a finite series of 
smooth curves which are either circular or straight. 

In the next lemma we sum up some of the basic results. 
Lemma 1.9. Let 7 be a path and let /1, /2, / : 7* — >• C be continuous functions. Then 
(I) J/ 7 = 7l +7 2 t/ien 



/= / /+ / /• 

7 • / 7i J l 2 
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(2) Iff = h+h then 

[ f= [ h + [ h- 

J7 J7 J7 

(3) IfceC then 

[ cf = c[ f. 

J7 J7 

(4) 

Proof. (1) Just a restatement of the definition. 

(2) Suppose that 7 has parameter interval [a,b]. It is sufficient to verify this in the case when 
7 is smooth. Then 



/ (h(z) + h(z))dz 



(fl(l(t))+f2(l(t))h'(t)dt 

= f° h(h(t)h'(t)dt+ [ f2((i(t)h'(t)dt 

= [ hdz+ I hdz. 
J7 J7 

(3) See Exercises. 

(4) We again assume that we have that 7 is smooth. Note that —7 is given by — -f(t) = j(a+b—t) 
and so —Y(t) = —7' (a + b — t). Putting this all together gives 

f f(z)dz= [ /(7(o + 6-t))(-7 , (a + 6-t))dt. 

J-J J a 

The integral on the right hand side is essentially a real integral so we substitute s = a + b — t 
to get 



/ f(z)dz = P f(l(s))(-j'(s))-ds 

•Z-7 Js=b 

= - [ f(l( S )h'(s)d S 

J a 



f(z)dz 

7 

□ 

We now come to a key early result which plays a less important role in this theory than it does in 
the case of real variables. 

Theorem 1.10 (Fundamental Theorem of Calculus). Suppose that 7 : [a, b] — > C is a path and 
F : G — > C is a function defined on some open set G with 7* C G. Further assume that F'(z) exists 
and is continuous Vz e G. Then 

[ F'{z)dz = F{ 1 {b))-F{ 1 {a)). 
Note that if 7 is closed then F'(z) dz = 0. 
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Proof. We may assume that 7 is smooth. Then we have 

F'(z)dz= [ F'( 7 (t)) 7 '(t)dt. 

7 J a 

Now consider the function F o ^(t). This is a function from I to C and this has a derivative 
(Fo-f)'(t) = F'(^(t))-f'(t). (This can be shown by either using the chain rule or from first principles). 
Then 

I F'{z)dz = [ (&(F o 7 )'(t) dt + [ o 7 )'(t) dt 

= H(f (7(6))) - R(F( 7 (a)) + * (3(F( 7 (6))) - • 
= F( 7 (6)) - F( 7 (a)). 

Notice that the justification depends on the equivalent theorem for the real case. 
Exercise 1.11. Let 7 be the curve shown in Figure 1. Consider the integral 

cos z dz. 



/v 



□ 




Figure 1 . The contour 7 

Note that 7 = 7l + 7 2 where 

7i:[0,l]-> 7i(*)=2t-l 

7 2 : [0,tt] -»■ 72 W =e 4 *- 
The crude way is just to substitute in the formula and get:- 

[ cos zdz= [ 2cos(2t-l)dt+ [ cos{e lt )ie lt dt. 
J J Jo Jo 

Now if you are really good perhaps you can do this but to be honest I can't do it. But now we can 
use the Fundamental Theorem. Just remember that sin' z = cosz. So we get 

/ cos z dz = 0. 

h 
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Exercise 1.12. Let n ^ — 1 and f(z) — z n , z ^ 0. In these circumstances we can use the 
Fundamental theorem because we have a well-behaved function F(z) = z n+l as long as the con- 
tour doesn't include the origin. Notice that we may have to take as our region G something like 
G = {z : r < \z\ < R} for two real numbers < r < R. 



log(i) must then be 27r/2 




log(— i) must then be 3iir/2 

Figure 2 . Choosing one branch of the many-valued function log 

We now come to another powerful result which again depends on properties of the real integral. 

Theorem 1.13 (Estimation Theorem). Let 7 : [a, b] — > C be a curve and let f be a continuous 
function defined on 7* . Then 

I f f(z)dz\ < [ |/( 7 (t))7'(t)|dt. 

J 7 J a 

Note that the theorem does not say that 

I f f(z)dz\ = [ \f(z)\dz. 
J7 J7 

Try to find an example where this fails. 



Proof. This is in the book, result 3.9. □ 

Corollary 1.14. Let 7 : [a, b] — >• C be a path and let f be a continuous function defined on 7*. 
Assume that < M G R is such that \ f(z)\ < M,Mz e 7*. Then 

f(z)dz\ < M [ \i{t)\dt. 



This is a straightforward deduction from the Estimation Theorem. Note that the integral 

b 

h'(t)\dt 

is just the length of the curve. This is a very useful result as you will see later. 
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Exercise 1.15. Let 

and let 7 = 7(0; R), R > 1. The key point here is to estimate the value of z — 1 on this circle. We 
use the inequality \a + b\ > \ \a\ — \b\\ to get \z — 1| > R — 1 and so 

1 



R-l 

for z G 7* . Thus 

\dz\ < 



n - 

2ttR 



h 



R-l 



This very quickly gives us an important criteria for deciding when it is possible to exchange an 
infinite sum and an integral. 

Theorem 1.16. Let 7 : [a, b] — > C be a path. Let U, Uo,u\,U2 ... be continuous functions defined 
on 7*. Assume that 

(1) 

OO 

J2 u k(z) = U(z) Vz G 7*- 

k=0 

(2) 3 Mfc for k = 0, 1, 2 . . . swc/i £/iaf converges and \uk{z)\ < M k for k = 0, 1, 2, 

TTien 

^ / u k (z)dz~ / / U(z)dz 

ah ha h 

Proof. The main ingredient in the proof is the Estimation Theorem. However we first point out that 
because |tifc(.z)| < M k and ^M k is convergent then ^ \M k \ is convergent. Let I > be the length 
of the contour. Then we have 



u k {z) dz\ < M k l. 

'1 
So 



rn „ m 

v / Uk (z)dz <y^M k i 



for all n < m G N. We can now use Cauchy's criterion for convergence. 

In its sequence form it says that a sequence uo,Ui,... is convergent if and only if Ve > 3 N G 
N such that \u n ~ u m \ < e V, N < n < m. In its series form it says that a series ^ a n is convergent 
if and only if Ve > 3N G N such that 

m 

\^a k \ < e, VW < n < m. 

k—n 

Let e > be given. Then 3N G N such that 

m 

M k < j, VN <n<m. 

k—n 

So we get 

m „ m 

^ I / u k (z)dz\ < ^Mkl < eVN < n < m. 
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This proves the convergence of the series. A little more thought is needed to show the last line: by 
taking m — > oo above we see that 

E/ tt *-/E tt * = Y. N + lco r> 



Uk 



showing that the sum of the integrals converges to the integral of the sum. 
Exercise 1.17. Consider the following 

1 



□ 



1 - z 



Let to G C be so that |io| = r < 1. Let 7 = [0,w]. Then |^ n | < r n forall z G 7*. But £r" is 
convergent so we can apply the previous result and the Fundamental theorem gives 



2. Topology 



The theory of complex variables has two sets of difficulties to contend with. The first is that of 
analysis, ie the problems of epsilons and deltas and infinities. However because it all lies in the plane 
there are also geometrical or topological difficulties. Perhaps one of the simplest reasons is that there 
are infinitely many different directions. In some ways that is why continuity and differentiation is a 
stronger condition than for real variables. 

Exercise 2.1. Draw the following sets 



(1) 


{z: 


\z\ < 1} U {\z 


>1} 


(2) 


{z: 


\z\ < 1} U {\z 


>1} 


(3) 


{z: 


\z\ < l}U{\z 


-2| < 1} 


(4) 


{z: 


\z\ < 1} U {\z 


-1|<1} 


(5) 


{z: 


|z|<I}U{|z 


-1|<1} 



In order to organise our thoughts more clearly we wish to define the the types of subsets which 
are well behaved. As always there are more than one way to make our definitions so we choose one 
and either show equivalence or leave it vague as to the connection. 

Definition 2.2. Let G C C. Then we say that G is path connected if for any two points z and w 
both in G there is a path 7 : [a, b] — > C such that 7* C G with 7(a) = z and 7(6) = w. 

Example 2.3. Consider the subset of R 2 given by {(x, y) : x > 0, y = sin(I/x)} U {(x, y) : x = 0}. 
In more advanced books on topology it is shown that this set is a connected subset of C but is not 
path-connected. 

We will just say that a subset is connected, dropping the reference to path, on the understanding 
that none of our sets will be so pathological. 

Definition 2.4. A region is an open connected subset of C. 

A key result that we need is quite complicated but if we think straight is not too bad. 

Theorem 2.5 (Covering Theorem). Let G be an open subset of C and let 7 : [a, 6] — > C be a curve 
such that 7* C G. Then there exists a subdivision of [a, b], a = to < t\ < ■ ■ ■ < t n = b and open 
discs Dq, Di, . . . D n _i such that 



(I) Dj c G, Vj, and 
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(2) 7(t)€D j Vte[t j ,t j+1 ]. 

Proof. Before we begin the proof proper a little piece of notation. Let x G [a, b]. Then define 7 X to 
be the curve obtained by restricting 7 to [a, x\. The idea of the proof is to show that for all x G [a, b] 
the theorem is satisfied for j x . Define C = {x : x G [a, b] the theorem holds for 7 X }. We now show 
that C = [a,b\. 

Step 1. The first thing to do is to show that a G G. 
Recall that 7(a) G G but that G is open. Thus there is a disc with centre a contained in G. So no 
big deal. 

Step 2. There is a real c which is an upper bound for C. 
Clearly C is bounded above by b. Also by Step 1, C is non-empty so C has a least upper bound say 
c. 

Step 3. c G G. 

Note that c G G so 3<5 > so that D(j(c); S) C G. Also we should note that c < 6 but that if c = 6 
we have completed the proof, so assume that c < b. But 7 is continuous. So we have e > such 
that |7(f) — 7(c)| < 5, Vf with |f — c| < e. Now we know that c is the least upper bound of G so that 
there is a d G G with a < d < c and |d — c| < e. Let 7 d be covered by discs Do, Di, ■ ■ ■ D m . Now we 
can add a new disc D m+ \ = D(j(c),5). But now we have covered j c and so c G G. 

Step 4 c = 6. 

Assume that c < b. By Step 3 we have that existence of a particular e and <5. But as above choose 
some d with c < d < b and |d — c| < e. This is a contradiction which completes the proof. □ 

Corollary 2.6. Let G C C &e a region and f : G — V C fee a function differentiate at all points of 
G. Suppose that f'(z) = 0, z G G. 77ie« / is constant on G. 

Proof. We have shown that the result is true if G is an open disc in the first part of the course. Let 
u,v G G and let 7 be a path that connects them in G. By the Covering Theorem we can cover 7* 
with open discs, any adjacent pair overlap. So we get f{u) — /(f). □ 

Note that we need connectedness. We now introduce a further class of sets which are more 
restricted but have some very good properties. 

Definition 2.7. A set G C C is called convex if any two points in G can be joined by a straight 
line segment. 

There are a number of results which look sort of obvious which when you try to prove them get 
trickier. The first is always called Jordan's Curve Theorem 1 but it was not Jordan who first proved 
it: he realised that it was important. 

^Marie Ennemond Camille Jordan (born 5 Jan 1838 in Lyon, died 22 Jan 1922 in Milan) was highly regarded by 
his contemporaries for work in algebra and group theory. 

Jordan studied mathematics at the Ecolc Polytcchniquc and from 1873 taught there and at the College de France. 

He introduced important topological concepts in 1866. He was aware of Ricmann's work in topology but did not 
know of the work by Mobius. Jordan introduced the notion of homotopy of paths, looking at deformation of paths 
one into the other. He defined a homotopy group of a surface without explicitly using group terminology. 

Jordan was particularly interested in the theory of finite groups. His introduction to the group concept in geometry 
(1869) was motivated by studies of crystal structure. In this work he considers classification of groups of Euclidean 
motions. 

His "Traite des substitutions et des equations algebraique" in 1870 gave a comprehensive study of Galois theory. 
For this work he was awarded the Poncelet Prize of the Academie des Science. The work contains the "Jordan normal 
form" for matrices, not over the complex numbers but over a finite field. He appears not to have known of earlier 
results of this type by Weierstrass. It also brings permutation groups to a central role in mathematics. 

Jordan is best remembered today for his proof that a simply closed curve divides a plane into exactly two regions. 
He originated the concept of functions of bounded variation and is known especially for his definition of the length 
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Theorem 2.8 (Jordan's Curve Theorem). Let 7 be a simple closed path, ie no self intersections 
except for the end points. Then there is an inside and an outside. That is there are two open sets 
I, O with C \ 7* = / U O. I is bounded and is the inside and O is unbounded and the outside. 

To appreciate this theorem, it is important to understand just how complicated a closed simple 
path can be, and that if we allow non-simple closed paths the result can fail in a spectacular way. 




Figure 3. A closed simple curve 

An easier result than Theorem 2.8 is the following. 
Theorem 2.9. Any polygon can be cut up into triangles. 

The only tricky case is when the polygon is not convex. The next result is not stated too precisely. 

Theorem 2.10. Let 7 be a path. Then it can be approximated as closely as wished by a polygonal 
path. 

3. Cauchy's Theorem 

We begin by stating Cauchy's theorem 2 in some generality. Then we will prove it in a special case 
and then describe it in full generality. The difficulties in the general case are due to the topological 

of a curve. This appears in his "Cours d'analyse de I'Ecole Poly technique" (3 volumes) (1882), the Jordan curve 
theorem appearing in the 3rd edition (1909-1915). 

He also generalised the criteria for convergence of Fourier series. 

Two of Jordan's students, Sophus Lie and Felix Klein, drew upon his studies to produce their own theories of 
continuous and discontinuous groups. 

2 Augustin Louis Cauchy (born 21 Aug 1789 in Paris, died 23 May 1857 in Sceaux) pioneered the study of analysis 
and the theory of permutation groups. He also researched in convergence and divergence of infinite series, differential 
equations, determinants, probability and mathematical physics. Numerous terms in mathematics bear Cauchy's 
name:- the Cauchy integral theorem in the theory of complex functions, the Cauchy-Kovalevskaya existence theorem 
for the solution of partial differential equations, the Cauchy-Riemann equations and Cauchy sequences. He produced 
789 mathematics papers, an incredible achievement. This achievement is summed up in Belhoste's biography of 
Cauchy as follows:- 

... such an enormous scientific creativity is nothing less than staggering, for it presents research 
on all the then-known areas of mathematics ... in spite of its vastness and rich multifaceted 
character, Cauchy's scientific works possess a definite unifying theme, a secret wholeness. 
Cauchy's creative genius found broad expression not only in his work on the foundations of real 
and complex analysis, areas to which his name is inextricably linked, but also in many other fields. 
Specifically, in this connection, we should mention his major contributions to the development of 
mathematical physics and to theoretical mechanics... we mention ... his two theories of elasticity 
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problems rather than the analytic ones. Hopefully I will be able to illustrate these ideas as we 
develop this material. During this section we are going to have one underlying hypothesis:- 

Hypothesis 3.1. Let G be some region of C and let 7 be a closed path so that 7* C G. Let f be a 
function which is differentiable on some open subset of G which contains 7* and the inside ofj. 

The key topological difficulty is 
What is the inside? 
The main theorem should be:- 

Theorem 3.2 (Cauchy's Theorem for a path). Let G, /, 7 satisfy Hypothesis 3.1. Then 

f f(z) dz = 0. 

Cauchy originally proved it, I think, by an appeal to Stokes Theorem. However that demands 
extra conditions and still needs the topology although this is nearly always ignored in most analyses. 

I will begin by proving it for the special case when the path is a triangle. This special case 
contains nearly all the analytical complexity. 

Theorem 3.3 (Cauchy's Theorem for a triangle). Let G, f, 7 satisfy Hypothesis 3.1. Further assume 
that 7* is a triangle. Then 

f f(z) dz = 0. 
J 1 

Proof. Let the triangle 7 have vertices p, q and r and denote any such triangular path by [p, q, r]. 
Let 

1= [ f(z)dz. 

We are trying to show that 1 = 0. In the picture below let a, b and c be the midpoints a of [p, q], b 
of [q, r] and c of [q, r] as shown in Figure 4. 

We can then consider the four triangular paths to obtain 

1=1 f(z)dz+ f f(z)dz+ f f(z)dz+ f f(z)dz 

J[a,q,b] J[b,r,c] J[c,p,a] J[a,b,c] 

Let 

h = [ f(z) dz, I 2 = [ f(z) dz, h = I f(z) dz 

J[a.q.b] J[b,r.c] J[c,p,a] 

and 

h= [ f(z)dz. 

J[a,b,c] 



and his investigations on the theory of light, research which required that he develop whole new 
mathematical techniques such as Fourier transforms, diagonalisation of matrices, and the calculus 
of residues. 

His collected works, Oeuvres compltes d'Augustin Cauchy (1882-1970), were published in 27 volumes. 

Political events drove Cauchy from France, and in 1831 he went to Turin. He taught there from 1832, and Luigi 
Menebrea said that his courses: 

were very confused, skipping suddenly from one idea to another, from one formula to the next, with 
no attempt to give a connection between them. His presentations were obscure clouds, illuminated 
from time to time by flashes of pure genius. ... of the thirty who enrolled with me, I was the only 
one to see it through. 
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FIGURE 4. The initial triangle \p,q,r] 



A simple application of the triangle inequality gives 



i=i 

Thus for at least one j we have that \Ij\ > |/|/4. Let this triangle give rise to the contour j x . Note 
that 

|jf f(z)dz\ >\\l f(z)dz\. 



(1) 



7 



Step 1: 

Repeat this to construct a whole series of triangular paths 7 , 7 l5 . . . 7 n , . 



such that 



z) dz\ 



I f(z)dz\ > U f f(z)dz\ 



and I^n-i) ^ ^7n)i where 1(5) denotes the closure of the interior of a path S. 
Step 2: 

Claim that H-"-^™) 7^ 0- To prove this consider for each triangle I(7„) the centrum 3 z n . Let the 
length 7 be Then the length of j n is ^r. Note that any two points u,v e I(7„) satisfy 



From this we can see that 



\u — v\ < — 
i-2™ 



\< L 

\ z n+l z n\ S ' 



(2) 



Thus the sequence is a Cauchy sequence and has a limit, say w. 
Step 3: 

We use the differentiability of / at w to estimate the integrals for large enough n. Recalling the 



3 The intersection of the three lines joining a corner with the mid-point of the opposite side. 
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definition of differentiability we see that for e > there exists r > such that for all z e D'(w; r) 

l m-f( W ) _ m|<e- 

z - w 

Rewritten as 

\f(z)-f(w)-(z-w)f'(w)\<e\(z-w)\ VzeD'(w;r). 

So now we can choose N so that -y N C D(w;r) and from 2 \u — v\ < Now comes the hard 
bit of analysis. 



/ f{z)dz = [ (f(z)-f(w)-(z-w)f'(w)) 
(f(w) + (z-w)f'(w))dz. 



Hn 

But 

^2 



f(w) + (z-w)f'(w) = ±-(f( w ) z + ^-^f>( w )^ 
By the Fundamental Theorem 

/ f(z)dz = f {f(z) - f(w) -(z- w)f'(w)) dz and so 

J 1n J 1n 

f(z)dz\ = \[ (f(z)-f(w)-(z-w)f(w)),dz\ 



Hn J l 

From the Estimation Theorem 



\f f(z)dz\ < length( 7jv ) sup \(f( z )-f( w )-( z - w )f'( w )\ 



Hn z ^ll 
I 

Hence from earlier 

\I\ < 4^1 / /(s)dz| 

Thus we get the required result by letting e get smaller. □ 

From this, which is probably the hardest proof you have seen, we can get some quite interesting 
results. 

Theorem 3.4. Let G be a convex region. Let f : G — > C be continuous and assume that for all 
triangular contours 7 

f f(z) dz = 0. 
Choose a point u 6 G. Define a function F : G — > C by 

F(z)= [ f(w)dw. 

Then F'{z) = f(z) for all zeG. 
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Proof. Because G is convex we have that [u, z] C G, Vz e G. Thus the definition makes sense and 
we are in a hopeful situation. Now we need to use the hypothesis of the Theorem. The idea is to 
consider 

F(z + h)-F(z) 
h 

for h 7^ so that (z + h) e G. By the hypotheses of the Theorem 



0=/ +/ +/ (f(z)dz). 

J\u.z] J\z.z+h] J\z+h.u] 

Rewriting shows that 



' [u.z] J[z,z+h\ J[z+h,u\ 

(z) dz 



F(z + h)- F(z) = f /( 

J\z.z+h] 



and hence that 

Fjz + h)- F(z) _ 1 
h ~ h 

To prove the theorem we need to show:- 



[z,z+h] 

f(z)dz. 

[z,z+h] 



lim (nz + h) -F( Z y = 
h^o V h 1 K ' 



Once again rewriting we need to show 

lim \ ( f(w) dw — f(z) 
n> J\z,z+h] ' 



*[z,z+h] 

ie 



lim \ ( f(w) - f(z) dw - 0. 
h->o n J\ z , z+ h] 



l[z,z+h] 

Choose an e > 0. At this point we use the continuity of / to find a D'(z;r), r > so that 
\f(z + h) — f(z)\ < e, V/i G D'(0; r). So by the estimation theorem we get 

\\ [ f(w)-f{z)dw\<±-\h\e. 

n J[z,z+h] \ n \ 

The result follows immediately. □ 

We get two immediate corollaries from this. 

Corollary 3.5 (The indefinite integral theorem). Let G be a convex region and let f 6 H{G). Let 
u G G and define 

F(z)= [ f(w)dw. 

J [u : z] 

Then F : G — > C is an antiderivative of f . 

Corollary 3.6 (Cauchy's theorem for a convex region). Let G, f and 7 satisfy Hypothesis 3.1 with 
G convex. Then 



Proof. This follows from the previous corollary and the Fundamental Theorem of Calculus. □ 



J dw = 0. 

'7 



Let us recall that a contour is a path made up of a finite set of straight line segments or of 
segments of circles. I will prove a special case of Theorem 2.10 stated earlier. 
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Lemma 3.7. Let G, f and 7 satisfy Hypothesis 3.1 and let 7 be a contour. Then there is a polygonal 
path 5 : [0, 1] — >• G such that 

[ f(z)dz= [ f(z)dz. 
J-f Js 

Proof. It is at this point that we use the covering theorem. So there exist overlapping discs 
Do, Di, . . . , D n with Di C G and 7* C U-Dj. Inside each disc pick some points on 7* and join them 
with straight line, making certain that there is at least one point in each Di flDj+i, i = 0, . . . , n— 1. 
Since each disc is a convex set we can apply Cauchy's theorem for convex sets to get that the integral 
is the same along each straight segment as along the contour. Adding all the bits gives the result. □ 

We can now use this to obtain 

Theorem 3.8 (Cauchy's Theorem for contours). Let G, f and 7 satisfy Hypothesis 3.1 and let 7 
be a contour. Then 

[ f(w)dw = 0. 

Proof. By the previous lemma we can assume that 7 is polygonal. By Theorem 2.9 we can split any 
polygon into triangles A*. But then 

J f(w) dw = J f( w ) dw - 

But then 

/ f{w) dw = 

J A, 

for all i by Cauchy's theorem for triangles and the theorem follows. □ 

This is the version of the theorem we use, although we rarely have more than two circular and 
three or four straight segments. The proof of the main result is similar but we do have to check 
some of the more subtle bits rather more carefully than we have done. 

Definition 3.9. A path 7 : [a, b] — > C is said to positively oriented if for some u in the interior of 7, 
j(t) traces out a counter-clockwise path about u as t goes from a to b. 

This leads to a rather useful result 

Theorem 3.10 (Deformation Theorem). Let 7 be a positively oriented contour such that D(u; r) C 
1(7). Further assume that f is holomorphic inside and on 7* except possibly at u. Then 

f f(z)dz= f f(z)dz. 

J7 Jj(u;r) 

Proof. The idea is to connect the circle to the contour with a two lines as shown in Figure 5. Pick 
two points W\,W2 both on j(u; r)* and let z\,z 2 be on 7* such that [w\, Zi]U[iV2, 22] C (L(^)\D(u; r). 

Now we can split 7 up into 

• 7 1 from Z\ to z 2 and 

• 7 2 from z 2 to Z\. 

This is done so that both are still oriented the correct way. Now do the same to 7(1* : r) 

• S\ from ui\ to W2 and 

• 82 from u>2 to ti>i. 
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Now we have two contours 

«i = 7i + w 2 ] + {Si) + [wi,zi] 

and 

«2 = 72 + [-21, ^l] + (-fo) + [^2,^]- 

It is clear that f is well behaved on and inside both ct\ and a 2 . So by Cauchy's theorem for contours 
we have 



L 



f(z)dz = 0, i = 1,2. 



But 



/ /(*)dz + f /(s)dz 

/ /(*)<** + / f(z)dz- f f(z)dz- f f(z)dz 
[ f(z)dz- f f(z)dz 



and so / f(z) dz = f(z) dz. 

J-f J-f(u;r) 



□ 



This really does make life a lot simpler: we have done the integral despite the fact / could be 
badly behaved at u. Together with Cauchy's Theorem, what this means is that the value of any 
integral around a closed path is determined only by the points where the function is not differentiable, 
together with information about whether those points lie inside or outside the path. 

Example 3.11. Let 7 be a positively oriented contour with 0^7*. Then 

[1 (2ni if0e/( 7 *), 
i 7 z \0 if 6O( 7 *). 
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Exercise 3.12. Let 7 be any contour with ^ 7*, £ ^(7)- Then 



— dz = — dz. 



7 z -^7(0;l) 2 

4. Some consequences of Cauchy's Theorem 

Theorem 4.1 (Cauchy's Integral Theorem). Let 7 be a positively oriented contour and let f be 
holomorphic inside and on 7*. Let w ^ 7*. Then 



J_ f M dz - f ! /^o( 7 ) 

2m J 7 z - w \ f(w) ifw€ 1(7) 



Proof. We can find D(w; r) C 1(7). Then by Theorem 3.10 



2ni J j z - w 2iri 7 7 (tu : r) z — w 



If w £ 1(7) it is clear that is holomorphic both on and inside 7. Thus the integral is 0. 
We have fairly easily that 



■ dz = 2iri 
and so 

f l^dz = 2mf{w). 

Jj(w;r) z ~ w 

This gives us 

1 1 m dz-f {W )\ = U( i^m dzl 



2m' ./7( w;r ) z — w 2tt J^^ w:r ) z — w 



-1/ 



f{z) - f{w) -f'(w))dz\ 



z — w 



< sup \ f{z) - f{w) -f'H\ 

271" zej(w;r)* Z ~W 

Since / is holomorphic the last expression above tends to zero as r tends to zero. The expression is 
independent of r, so we have completed the proof. □ 



All sorts of results follow very neatly from this. 

D(C\- r-\ fnr on,, v \ 1 TV, on , 

J7(0;l) z 



Example 4.2. (1) Let / be holomorphic in D(0;r) for any r > 1. Then L^.-^ ^p- dz = 



2mf{Q). 
(2) 

f e z 

/ — dz — 2-rri. 

J-f(0:l) Z 

(3) 

f z 3 - 1 

/ dz = —2m. 

Jj(a-.i) z 

Example 4.3. An interesting set of examples is based on partial fractions. We note that 

1 1 1/1 1 



z 2 +4 (z-2i)(z + 2i) 4i\z-2i z + 2i J ' 
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Thus 

J 1 z 2 + 4 Ai \J 1 z-2i J 1 z + 2ij 

7T 

= — (cos(2i) — cos(— 2i)) 
= 

Note we have to be slightly careful about 7. 

The next result is due to Liouville 4 . 
Theorem 4.4 (Liouville's Theorem). Let f be holomorphic and bounded in C. Then f is constant. 

Proof. The assumptions imply that there exists M > such that \f(w)\ < M, Vu> £ C. Choose 
two points a, b e C and let r > 2 max{|a|, |&|} and let 7 = -f(0;r). Then \z — a\ > r/2 and 



4 Joseph Liouville (born 24 March 1809 in Saint-Omer, died 8 Sept 1882 in Paris) is best known for his work on 
the existence of a transcendental number in 1844 when he constructed an infinite class of such numbers. 

Liouville's mathematical work was extremely wide ranging, from mathematical physics to astronomy to pure 
mathematics. One of the first topics he studied, which developed from his early work on electromagnetism, was a new 
topic, now called the fractional calculus. He defined differential operators of arbitrary order (this order is usually an 
integer but in the theory developed by Liouville in papers between 1832 and 1837, it could be a rational, an irrational 
or most generally of all a complex number). 

Liouville investigated criteria for integrals of algebraic functions to be algebraic during the period 1832-33. Having 
established this in four papers, Liouville went on to investigate the general problem of integration of algebraic functions 
in finite terms. His work at first was independent of that of Abel, but later he learnt of Abel's work and included 
several ideas into his own work. 

Another important area which Liouville is remembered for today is that of transcendental numbers. Liouville's 
interest in this stemmed from reading a correspondence between Goldbach and Daniel Bernoulli. Liouville certainly 
aimed to prove that e is transcendental but he did not succeed. However, his contributions were great and led him to 
prove the existence of a transcendental number in 1844 when he constructed an infinite class of such numbers using 
continued fractions. In 1851 he published results on transcendental numbers removing the dependence on continued 
fractions. In particular he gave an example of a transcendental number, the number now named the Liouvillian 
number 

0. 1100010000000000000000010000. . . 

where there is a 1 in place n! for each n > 1 and elsewhere. 

His work on boundary value problems on differential equations is remembered because of what is called today 
Sturm-Liouville theory which is used in solving integral equations. This theory, which has major importance in 
mathematical physics, was developed between 1829 and 1837. Sturm and Liouville examined general linear second 
order differential equations and examined properties of their eigenvalues, the behaviour of the cigenfunctions and the 
series expansion of arbitrary functions in terms of these eigenfunctions. 

Liouville contributed to differential geometry studying conformal transformations. He proved a major theorem 
concerning the measure preserving property of Hamiltonian dynamics (the existence of the "Liouville measure" in 
crgodic theory and dynamical systems). The result is of fundamental importance in statistical mechanics and measure 
theory. 

In 1842 Liouville began to read Galois' unpublished papers. In September of 1843 he announced to the Academy 
that he had found deep results in Galois' work and promised to publish Galois' papers together with his own com- 
mentary. Liouville was therefore a major influence in bringing Galois' work to general notice when he published this 
work in 1846 in his Journal. However he had waited three years before publishing the papers and, rather strangely, 
he never published his commentary although he certainly wrote a commentary which filled in the gaps in some of the 
proofs. Liouville also lectured on Galois' work and Scrrct, possibly together with Bertrand and Hcrmitc, attended 
the course. 

In number theory Liouville wrote around 200 papers, working on quadratic reciprocity and many other topics. He 
wrote over 400 papers in total. 
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\z — b\ > r/2 Vz 6 7*. So we have 



and so 

2^ 



|/(a)-/(6)| < ^2,rM , 2 



< 



2 

4M|o-6| 



So we can see that as r tends to infinity we get /(a) = f(b). □ 

Corollary 4.5 (Fundamental Theorem of Algebra). Every non-constant polynomial over C has a 
root in C. 

Proof. Assume that the result is false. Then there is a non-constant polynomial f(z) such that 
f(z) 7^ 0, Vz 6 C. Note that / is holomorphic on the whole plane. Since / has no zeros the function 
g(z) — l/f(z) is also holomorphic on the plane. We can apply Liouville's theorem to g as long as 
we can show that g is bounded. The only way that g could be unbounded would be if there was a 
sequence z±, z 2 , ■ ■ . with lim„_ ) . 00 f(z n ) — 0. If the sequence is bounded then it contains a convergent 
subsequence with limit w say. Then, as / is continuous, f(w) — which is false. 

If the sequence is unbounded then we have \z n \ — > oo with f(z n ) — > 0. Write / = a n z n + 
a„_iz™ _1 + . . . ao where a n ^ 0. But then 

n-1 

\f{z)\>\a n \\z\ n - Y^WAWV 
o 

So we can see that \f(z)\ — > oo as n — > oo. Thus we can apply Louiville's theorem to get that g is 
constant and hence / is constant. □ 



There is a slightly different proof of this in Priestley using the notion of compactness. 

One of the difficult things in real variables is that the existence of all possible differentials and 
the convergence of the Taylor series 5 does not guarantee that the Taylor series will converge to the 
function. A tedious calculation will show that the Taylor series of the function 

e 1 /^ 2 when i/O 
J[X) ~ \ whenx = 

is given by 

+ Ox + Ox 2 + . . . , 

which certainly converges everywhere but does not converge to / for any value of x ^ 0. 

^Brook Taylor (born 18 Aug 1685 in Edmonton, Middlesex, died 29 Dec 1731 in London). 

In 1708 Taylor produced a solution to the problem of the centre of oscillation which, since it went unpublished 
until 1714, resulted in a priority dispute with Johann Bernoulli. 

Taylor's "Methodus incrementorum directa et inversa" (1715) added to mathematics a new branch now called the 
"calculus of finite differences" and he invented integration by parts. It also contained the celebrated formula known 
as Taylor's expansion, the importance of which remained unrecognised until 1772 when Lagrange proclaimed it the 
basic principle of the differential calculus. 

Taylor also devised the basic principles of perspective in "Linear Perspective" (1715). Together with new principles 
of linear perspective the first general treatment of the vanishing points are given. 

Taylor gives an account of an experiment to discover the law of magnetic attraction (1715) and an improved 
method for approximating the roots of an equation by giving a new method for computing logarithms (1717). 

Taylor was elected a Fellow of the Royal Society in 1712 and was appointed in that year to the committee for 
adjudicating the claims of Newton and of Leibniz to have invented the calculus. 
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The situation is very much better for complex function. The incredible fact is that being able 
to differentiate once implies the existence of a Taylor's series which itself implies the existence of all 
differentials. 

Proposition 4.6. Let f be holomorphic on the open disc D(u;R). Then there exist constants 
c n e C, n = 0, 1, . . . such that for any z 6 D(u; R) we have 

oo 

Further we have 

i r f(w) 

2ni J 1[u . r) (w - u) n+1 

where < r < R. 



Proof. Choose z 6 D(u; R) and choose r with \z — u\ < r < R. Use the integral formula Theorem 
4.1 to get 

2mf(z) = f l^dw 



7(«;r) w z 



, 1(u . r) (w-u)-(z- u) 

S 1(u , r) (i-^) dw 



The point of this is that v = |^ has modulus less than 1 for w € 7*(u; r) and so we get 



1 v n+1 
= 1 + v + v 2 + . . . + v n + 



So we get 



1 — v 1 — v 



where 

J 1{u . r) (w - z) 



and so 

2„/ W = y( f ^ w f }^ M dw\(z-«)-+A, 



- Mi 



□ 



Our objective is now to show that lim^oc A n = 0, which will complete the first part of the 
theorem. Recall that / is continuous on the closed bounded set 7*(w; r) so that there exists M > 
with | /(to) | < M, Vw e 7*(u; r). We now use the estimation theorem to obtain 

\A n \ < 2-nrM sup ' 



W £7»( tl ;r) 10 - U 1 10 - Z| 

27rrM [ sup 1 J 

V »£7»(»;r) 1^ ~ ^| / 
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Since \v\ < 1 we get the result that we want. Note that the choice of r depended on z but by the 
Deformation Theorem 3.10 this doesn't matter so 

/M 



-/ 

«'7(«;r) 



dw 



/ 7 («;r) ( w - u ) n+1 

is well defined and not dependent on r. 

Theorem 4.7 (Taylor's Theorem). Let f G H(D(u; R)) then 
(1) There exists constants cq,Ci, ... 6C such that 

oo 

f(z) = J2cn(z-u) n ,VzGD(u;r). 

(2) 

Cn = / 7 . i aw, 

2m J 1(u . r) (w - 

/or any r wii/i < r < R. 

(3) 

/W(u) = n!c„ 

/(«> 



n! /" 



7(u;r) (™ - ") 



n+1 



Proof. The first two follow from the previous Proposition. The final result follows from the result 
about the differentiation of convergent series. □ 

Corollary 4.8. Let G be an open set and f G H(G). Then f G H(G). 

Proof. Let «eG and choose i? > such that D(u; R) C G. Then by Theorem 4.7 Be, such that 

oo 
n=0 

for z G £>(m; i?). But then 

OO 

/'(*) = £ ncOs-u)"- 1 

n=0 

for z G D(u;R). This is again a convergent power series and so in particular /' is diffcrcntiable at 
u. □ 

We now come to another theorem of Cauchy. 

Theorem 4.9 (Cauchy's Formula for derivatives). Let 7 be a positively oriented contour and f be 
a function which is holomorphic inside and on 7. Let u g' 7*. Then 



nl f f(w) _ \ tfueO^) 

2wi J 1 (w - «)«+! \ /M («) u G /( 7 ) 



Proof. If m G 0(7) the result follows from Cauchy's Theorem for a contour. 

Now suppose u G 1(7). Then there exists i? > such that D(u; R) C 1(7). If < r < i? then 
using Taylors Theorem 4.7 give 

r) (w - m)™ +1 
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By the deformation Theorem 3.10 we get 

J y ' 2m L (w - 



□ 



Exercise 4.10. Let 7 = 7(0; 1). Then 



e 

— dz = 2m. 



Exercise 4.11. Let us evaluate 



] ~ l 1 {z-i){z + iy dz 



where we choose different contours 7. 

(1) Let 7 = 7(0; 1/2). Then the integral is zero. 

(2) Let 7 = 7(1; 1/2). So we write the integral as 



WW dz 



j z - 1 



Thus we have I — em/A. 
(3) Let 7 = 7(— 1; 1/2). Then we write the whole thing as 



^ -dz 



{z + iy 

Now put g(z) = ( z e _ 1 ) and so by the previous formula we get that / = ^,f^{— 1). This is 
a straightforward but tricky set of calculations. 

(z - l)e z - e z 



f {1 \z) 



f i2 Hz) 



{z-iy 

ze z - 2e z 

((e z + ze z )(z - l) 2 - 2(ze z - 2e z ) 



(z-ir 

/ (2) (-l) = ^(4(e- 1 -e- 1 -2e- 1 )+4(-e- 1 -2e- 1 )) 



So 



bin 
■ dz = — - 



/ 7 (z-l)(z + l) 3 4e 
Definition 4.12. A zero of a function f(z) is a point a such that /(a) = 0. 

Assume that is holomorphic in some disc D(a; r) and that / is not identically zero. Taylor's 
theorem says we can write: 

00 

f(z)=J2 c n (z-a) n , 

n—m 

where m > 1, c m ^ and z £ D(a; r).Then m is said to be the order of the zero at z = a. Note that 
/ has a zero of order m at a if and only if 

f(a) - f'(a) = ... = f m -\a) = 0, f m (a) ? 0. 
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Definition 4.13. For any function / let Z(f) = {z : f{z) = 0} 

Basically we want to show that Z is not too big if / is holomorphic on a region. 

Theorem 4.14. Let G be a region and let f G H(G). Suppose that there exists w G G which is a 
limit point of Z(f). Then f(z) = Vz G G. 

Proof. We begin by proving that there is a disc on which / is identically zero. 

Let u be any limit point of Z(f) and let D C G be an open disc which contains u. Since / is 
continuous f(u) — 0. Assume that / is not zero in D and assume that u is a zero of order m. Pick 
a disc D(u; r) so that D(u; r) C D. Then, by using Taylor's Theorem, we get 

oo 

f(z) = (z- u) m c k{z - u) k - m . where c m ± 

k—m 

for z e D(u;r). Put 

oo 



k—m 



Then g is holomorphic g(u) ^ 0. So 36 > so that for < \z — u\ < S we have g(z) ^ 0. This is a 
contradiction to u being a limit point of Z(f). So we get that / is zero on D(u; r). 

Next we let E be the set of limit points of Z{f). Let a G E then by continuity f(a) — and so 
E G Z(f). By the previous paragraph we have shown that E is open. Let a G G \ E. Then there 
is a disc D'(a; s) on which / is never zero. But then D(a, s) C G \ E. Now both E and G\E are 
open which contradicts the fact that G is connected. □ 

This gives very quickly the following beautiful result. 

Corollary 4.15 (The Identity Theorem). Let G be a region and let f,g£ H{G). Suppose there 
exists a sequence of distinct points z\, z 2l ■ ■ ■ which converges to w G G and f(zj) = g(zj)\/j G N. 
Then f and g are identical on G. 

Proof. Apply the previous result to the function / — g. □ 

Just two more theorems to end this section. 

Theorem 4.16 (The local Maximum-Modulus Theorem). Let a G C and let R > 0, R G M. Suppose 
f G H(D(a;R)) and \f(z)\ < \f(a)\ Vz G D(a;R) then f is constant on D(a; R). 

Proof. Let < r < R. By Cauchy's Integral Theorem 4.1 we get 

/(«) = ^- / z—; dw 



2iri ./<y( a:r ) w — a 



2ni J t=0 re tt 

i r 27T 

= 7T / f(a + re*)dt 
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Thus we have by using the hypothesis that 

\f(a)\ < ^£j/(° + re< *)l d * 
< ^J t Jf(a)\dt=\f(a)\ 

and so 

tJ t J f{a + reU)ldt = l/(a) 
Thus 

\f(a + re^)\-\f(a)\dt = 



/ 



But the value of the integrand on the left is always less than 0. The only possibility is that it is 
identically zero. But now for any z £ D(a; R) there is an r so that z = a + re lt and the theorem 
follows. □ 



Theorem 4.17 (The Maximum- Modulus Theorem). Let G be a bounded region and let G denote 
G together its limit points. Suppose f : G — >• C is continuous and differentiate at all z £ G. Then 
3aeG\G such that \f(z)\ < \f(a)\ Vz £ G. 



Proof. We know that G is closed so we know 3 a £ G such that \f(z)\ < \f(a)\ Vz £ G. Now assume 
that a £ G. Then we can find a disc D so that a £ D C G. But then by the previous result we 
have that / is constant on D. But then by the Identity Theorem / is constant on G. As / : G — > C 
is continuous we have that / is constant on G and the result follows. If a ^ G the result follows 
anyway. □ 



5. Laurent Series 

At the end of the last section a very powerful description of holomorphic functions had been 
developed. An essential tool in this was Cauchy's Theorem and it is clear that saying that a complex 
function is holomorphic in some region is much more powerful than in the real case. However a lot of 
very useful 'objects' fail to be holomorphic functions for two distinct reasons. The first is that they 
are functions but are not holomorphic, the second reason is that they are not in general functions. 
The second group contains many inverse "object" some of which we have already seen i.e log, sin -1 
etc.. In this section we will concentrate on the first category. 

Our first objective is to see what we can do about Taylor series. Note that any function defined 
by a Taylor series in a disc is holomorphic in that disc. If we examine the function f(z) = 1/z 
we cannot expect to find a Taylor series expansion about the point z — 0. But we do have a sort 
of series expansion if we allow ourselves negative exponents for z. Similarly we could look at the 
function 

= (z - 2)2 ~ ~z~2 

about the point z = 2. Clearly such a description describes the function for \z — 2| ^ completely. 
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Thus we define a Laurent Series 6 about a point z = a by a series of the form 

oo 

^c„(z - a) n . 

— oo 

The next theorem (6.1 in Priestleys book) gives conditions under which a function can have such 
a series expression. 

Theorem 5.1. Let A = {z : R < \z - a\ < S}, (0 < R < S < oo) and let f £ H(A). Then, for 
z e A, 

oo 

/(*)= E ^(z-ar 

n— — oo 

w/iere 




wrei/i 7 = 7(0; r), (R < r < S). 

Proof. We will assume that a = 0, this saves lots of notation. We also observe that the region A is 
an annulus. Thus we consider two contours 7, S as shown in Figure 6, where R < P < \z\ < Q < S. 

The idea of the proof is two add the two contours together and see that the result is precisely 
the difference of two circular contours. However first we note that 

>« - hl,^ 

and 

= 1/2 mfl^dw 

J s w- z 

Now add these together we see that 

M = ±([ ^dw- f ■ 

2m \J7(0;Q) W - Z 7 7 (0;P) W-Z J 

Note that whenever w E 7(0; Q)* \w/z\ > 1. So we can use the binomial expansion to get that 

w-z w ^ 
However when w £ 7(0; P)*, \z/w\ > 1 and so 

w-z z ^ 

Now since on both contours f(z) is bounded we see that both the series are uniformly convergent. 
So by an earlier theorem we can reverse the order of integration and summation. Hence we obtain 



Pierre Alphonse Laurent (born 18 July 1813 in Paris, died 2 Sept 1854 in Paris) was in the engineering corps and 
spent six years directing operations for the enlargement of the port of Le Havre. 

He submitted a work for the Grand Prize of 1842, unfortunately after the final date for submission. Cauchy 
reported on his work, which gives the Laurent series for a complex function, saying that it should be approved but it 
was not. 

After Laurent's death his widow arranged for two more of his memoirs to be presented to the Academy. One was 
never published, the second appeared in 1863. 
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Figure 6. 



the following: 

h \hwi) wn+1 J 

+ V ( / f(w)w m dw ) z-" 1 - 1 

The result now follows by replacing the two contours by the given contour using the deformation 
theorem and by putting n = —m — 1 in the last series. □ 

This is a very satisfactory theorem in the sense that it gives a very explicit form to a function 
which is holomorphic in an annulus. The bad behaviour is very clearly seen. The one difficulty with 
the theorem as compared to Taylor's series is that it is not easy to calculate the coefficients. They 
are not so clearly related to the differential coefficients. However it turns out that any method of 
finding them works. This is made precise in the following theorem. 

Theorem 5.2. Let f E H(A) where A = {z : R < \z - a\ < S}, (0 < R < S < oo), and suppose 

oo 

/(*)= £ b n (z-a) n . 

n— — oo 

Then b n — c n for all n, where c n is as in Theorem 5.1 
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Proof. We may again assume that a = 0. Choose any r such that R < r < S. Then, by 5.1 we have 
2iric n = f f(w)w- n - 1 dw= f V b k w k - n - 1 dw. 

We can now split the sum into two halves and use uniform convergence (3.13) all over again 



V / b k w k - n - x dw + V / 
fe =o-n(0;r) j \ m = x h 



b- m w- m - 1 - n dw 

7(0;r) , 



and so the only term that appears is that with power of w equal — 1 . Thus 

2iric n = 2irib n 

as claimed. □ 

Given this theorem we can see that any method of calculating the coefficients is good enough. 
Lets try an example to see how good we are. 

Exercise 5.3. Consider the function f(z) = z/(z — 1) about the point z = 1. Clearly f(z) is 
holomorphic in an annulus < \z — 1 < R for any R > 0. The trick here is to write z as (z — 1) + 1 
and so 

now we can see that f(z) = 1 + This is clearly the Laurent series for the function about z = 1. 
Exercise 5.4. Let 

and consider expansions about z — 1, — 1. 

Exercise 5.5. Consider f(z) = csc(z), this is well behaved except at points z — kn. So an 
appropriate choice of annulus around the origin will work. Note csc(2;) = l/sin(z) and the Taylor 
series for sin(z) is 

z - z 3 /3! + z 5 /5! 

So we can write 

sinz = z(l-z 2 /3! + ^(z)), 
where \h(z)\ < Kz 4 for some K > 0, we will use the '0' notation, and write h(z) = 0(z 4 ). But now 
cscz = z- 1 (1 - z 2 /3! + 0(z 4 )) _1 = z- 1 (1 + z 2 /3! + 0(z 4 ) 

This gives that all the terms c TO = if m < — 1, it also gives the first two non-zero terms c_i = 1 
and ci = —1/6. We can also see that Co = 0. 

Very often all we need is to find the first few non-zero terms to get the properties of a function 
we are interested in. As a general rule it is possible to calculate the Laurent series for a function of 
the form 1/f (z) about a point z = a whenever / is holomorphic in some disc about a and /(a) = 0. 
To do this we write down the Taylor series and then formally invert it. To show how to do this 
assume a — 0. Then the Taylor series looks like 

OO 

z d Y, a ^ n - 

n=0 
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Let g(z) = b m z m and assume g(z)f(z) = z d , ignoring the problems of convergence. Using the 
usual rules for multiplying series we get the following equations: 

a Q b Q = 1, 
a b\ + ai6 = 0, 
aoh + a\bi + a 2 b a = 0, 

and the general equation looks like: 

k 

^aibk-i = 0, if k > 

i=0 

Given that we know all the a's then we have recursion formulae to calculate the 6's. The required 
Laurent expansion is given by taking z~ d g(z). 

Exercise 5.6. Let f(z) = ^2nz n , note that this is holomorphic for all < \z\ < 1. Choose an 
annulus in this region with centre z = 0. The equations give bo = 1, &i = —2, 62 = L &3 = and 
b n = OVn > 2. Thus the Laurent expansion is 

--2 + z= - '—. 

z z 

We now make some definitions which play a key role in the development. Let f(z) : C — > C be 
a function. 

Definition 5.7. (1) We say that / is regular at a point a if / is holomorphic in a disc about a. 
(2) A point a is said to be a singularity of / if a is a limit point of regular points but is not itself 
a regular point. 

We can be a little more precise, 

(a) if there is a punctured disc about a in which / is holomorphic then a is called an isolated 
singularity; 

(b) otherwise we say that a is a non-isolated essential singularity. 

We also give a special name to the left-hand side of the expansion. 

Definition 5.8. Given a Laurent series expansion of a function f(z) about the point z = a the 

principal part is 

-1 

EO-n 

00 

To give some simple examples we see that the function 1/z has an isolated singularity at 0. 
However csc(l/z) has an non-isolated essential singularity at 0, since sin(l/z) = whenever z = 1/nk 
for an integer k. 

The next stage is to show how we can classify isolated singularities and their relation to Laurent 
series. Let 



/(*)= £ c n (z-a) n , 



be a Laurent expansion about the point z = a. 
Definition 5.9. Then the point a is said to be: 

(1) a removable singularity if c„ = Vn < 0; 

(2) a pole of order m (m > 1) if c_ m 7^ and c n — OVn < —to; 

(3) an isolated essential singularity if there exist arbitrarily large n such that c_„ ^ 0. 
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The reason for the term removable singularity is that the function can be redefined at the 
singularity so that it becomes holomorphic at that point. 

Exercise 5.10. Consider the function sin(z)/z which has a singularity at z = 0, but if we define a 
new function 

n ' \ 1 if z = 

then we see that f(z) is holomorphic everywhere. This can be seen from the Laurent series for 
s'm(z)/z, which is 1 - z 2 /3! + 

Our earlier examples show that csc(z) has a simple pole (of order 1) at z = 0, and in Example 5.3 
we had a simple pole at z = 1. Poles are specially well behaved singularities and the next few results 
enable us to make this more explicit. 

Theorem 5.11. (1) Let f G H(D(a;r)). Then f has a zero of order m > 1 at z = a if and 
only if 

\im(z-a)- m f(z)=C, 

where C is some non-zero constant. 
(2) Let f G H(D'(a; r)). Then f has a pole of order m > 1 at z = a if and only if 

\im(z-a) m f(z)=D, 
where D is some non-zero constant. 

Proof. I will prove 1), since 2) is in the book. Suppose a is a zero of order m. Then by the remarks 
above: 



f(z) = {z-a) m [ y £,c n (z-a) n ), 

\n=0 / 

where Co ^ 0. Then clearly 

f(z)(z-a)- rn = cO + zh(z), 

where h(z) is holomorphic in D(a; r). Since c ^ one half follows. 

Now assume the limit condition holds. Again using the Taylor series it is clear that the coefficients 
of (z — a) d have to be if d < m, and so the result follows. □ 

Corollary 5.12. Let f be holomorphic in some disc D(a; r). Then f has a zero of order m at z = a 
if and only if 1/f has a pole of order m at z = a. 

Proof. This is straightforward. □ 

Exercise 5.13. Let f(z) = zsin(z). Note that f(z) has zeroes at z = nir , for n G Z. Now 
f'(z) = sin(z) + zcos(z) and f {2) {z) = 2cos(z) - zsin(z). Thus f'{nn) ^ if n ^ and so l/f(z) 
has simple poles at z — rnr, n^O. But /'(0) = however /^ 2 ^(0) ^ and so z = is a double pole 
of l/f(z). 

Exercise 5.14. We already know the answer for the function l/(z 2 — 1). However just to check note 
that if g(z) = z 2 — 1, g'(l) = 2 and g'(— 1) = —2, so we see that f(z) has simple poles at z = ±1. 

We now consider what happens for the three different types of singularities. Firstly we examine the 
case that z — a is a removable singularity. Since f(z) — > c as z — > a we can redefine /(a) = c and 
then f{z) is now holomorphic at z = a, (strictly we should invent a new function but one rarely 
bothers). If f(z) has a pole at z = a then l/f(z) has a zero at z — a so clearly 

lim \f(z)\ = oo 
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Because Vfc > 38 > such that \l/f(z)\ < 1/k, Vz with \z-a\> 8 and so \f(z)\ > fcVO < \z-a\ < 
5. 

The most interesting case is that of the essential singularity. Unfortunately the results in this 
case take us beyond the scope of this course. However we can make some comments. One thing 
that does not happen is that f(z) has a limit as z — > a. The only possible limit could be oo, (in the 
extended complex plane) but then l/f(z) — > as z — > a and we would see that we could show that 
f(z) had a pole at z = a. Now consider the function exp(l/z) at z = 0. This has a Laurent series:- 

l + \ + ^ + h + - N>0 - 

Choose any e > and let w 6 C, w ^ 0. I claim that we can find z such that exp(l/z) = w and 
< \z\ < e. So 

1/z = Log(\w\ + i(&ig(w) + 2irk) where fceZ. 
Now we choose k very large and that makes z as small as we wish. That is in any disc about a we 
can make exp(^) take any non-zero value we choose. This holds for any function f(z) which has an 
essential singularity at a (this is a form of Picard's Theorem 7 ). 



^Charles Emile Picard (born 24 July 1856 in Paris, died 11 Dec 1941 in Paris). There are two theorems in complex 
analysis that carry his name. Picard's Little Theorem says that if / 6 H(C) and there are two distinct complex 
numbers a and f} which are not in that range of /, then / is constant. The so-called Big Picard Theorem is a local 
version: if / has an isolated singularity at a point zq and if / omits two values in some neighbourhood of zq, then 20 
is a removable singularity or a pole of /. 

He was appointed lecturer at the University of Paris in 1878 and professor at Toulouse in 1879. In 1898 he was 
appointed professor at the Sorbonne in Paris. He made his most important contributions in the field of analysis 
and analytic geometry. He used methods of successive approximation to show the existence of solutions of ordinary 
differential equations. 

Building on work by Abel and Riemann, Picard's study of the integrals attached to algebraic surfaces and related 
topological questions developed into an important part of algebraic geometry. On this topic he published, with Georges 
Simart, "Theorie des fonctions algebriques de deux variables independantes" (2 volumes) (1897, 1906). Picard also 
applied analysis to the study of elasticity, heat and electricity. 

He married Hcrmitc's daughter. Picard's daughter and two sons were all killed in World War I. His grandsons 
were wounded and captured in World War II. 



